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Abstract
The nature of the low energy spectrum of frustrated quantum spin
systems is investigated by means of a topological test introduced by Y.
Hatsugai [1] which enables to infer the possible existence or absence
of a gap between the ground state and excited states of these systems.
The test relies on the determination of an order parameter which is
a Berry phase. The structure of the spectra of even and odd-legged
systems in 2d and 3d is analysed. Results are confronted with previous
work.
PACS numbers: 3.65.Vf, 71.10.-w, 71.27.+a
Keywords: Topological properties of quantum spin systems - Berry phase
- Gapped spectra.
Introduction.
The structure of the low energy spectra of quantum spin systems is of
prime importance for the understanding of specific phenomena such as su-
perconductivity at high Tc. Investigations on this subject which went on for
many years have concentrated in the recent past on specific structures, in
∗E-mail address up to December 31, 2008: richert@lpt1.u-strasbg.fr
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particular the presence of ladders and stripes in 2d superconducting mate-
rial, see f.i. [2, 3, 4, 5]. It has been observed that systems which expectedly
behave like 2-leg ladders show a gap between the ground state and the first
excited state [6, 7] whereas those which behave like 3-leg ladders possess a
continuous spectrum [8]. Theoretical investigations have been developed in
order to study the properties of the ground state and low energy states with
a particular interest for the existence or absence of such a gap. An important
step was performed by Haldane who conjectured that the spectra of Heisen-
berg antiferromagnetic chains are gapless if the spins are half-integers and
show a gap if the spins are integers [9, 10]. This conjecture has been followed
by a large amount of work extending to 2d and higher dimensional spin net-
works, among them variational approaches [11, 12]. However the problem
of low energy properties of these systems has not yet been completely settled.
Topological concepts often work as efficient tools in the investigation of
the properties of physical systems like those described by quantum models.
Following the work of Wen [13] a considerable amount of investigations has
been performed which concerns the structure of specific systems, phenom-
ena like topological phase transitions [14] and entanglement properties which
may characterize them [15, 16].
The Berry phase (BP) is a genuine topological quantum concept. It en-
ters the phase of the wave function of a physical system governed by a set of
parameters which vary slowly along a path C [17]. Parallel transport [18] can
be considered as its classical equivalent. It has been used as a universal con-
cept in different fields of physics and works, f. i. in the description of spinor
systems, neutron interference processes, the Jahn-Teller and Aharonov-Bohm
effects. Matrix generalizations for the description of non-abelian phases have
been introduced by Wilczek and Zee [19]. Recently a BP has been experi-
mentally detected in the observation of the quantum Hall effect in graphenes
[20] and used as a revelator of the existence of entangled systems [21, 22] and
phase transitions [23, 24].
The geometrical essence of BP is of particular interest in connection with
symmetry properties of quantum systems. It was introduced in this context
by Hatsugai and colls. [25, 26, 27, 28, 29] as a possible tool in order to char-
acterize the properties of the low energy spectrum of spin systems. We use
this property here in order to revisit the problem of frustrated ladder systems
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mentioned above.
Theory.
We recall the main lines of the argument of ref. [29] which leads to the
introduction of a constrained BP and the characterization of spectra.
The BP is finite as long as the wave function to which it belongs is non-
degenerate [17, 24], degeneracy corresponds to the existence of a quantum
phase transition. Consider a system which is not located at such a tran-
sition point and more generally does not show a degeneracy in its ground
state. If the system shows specific symmetries (translation, reflection, rota-
tion,...invariance) the BP of the considered wave function must be such that
this invariance is respected when acting with the corresponding symmetry
operator, hence it should obey a specific constraint. If this condition can be
realized for a finite BP the system will necessarily show a gap after the sym-
metry operation. If it is not the case, one must conclude that the spectrum
cannot show a gap, i. e. it must be continuous.
More precisely consider a general Hamiltonian
H =
∑
(i,j)
Jij ~Si~Sj (1)
Apply a local twist of angle φ on the part corresponding to the sites (k, l)
and define
Hkl(φ) = Jkl[1/2(exp(iφ)S
+
k S
−
l + h.c.) + S
z
kS
z
l ] +
∑
(i,j)6=(kl)
Jij ~Si~Sj (2)
with φ ∈ [0, 2π].
By using a unitary transformation on the local site k, Uk(φ) = exp(iS −
Szk) where S is a scalar value and performing an operator commutation one
gets
S+k exp(−iφS
z
k) = exp(−iφ(S
z
k + 1))S
+
k (3)
and
3
S−k exp(−iφS
z
k) = exp(−iφ(S
z
k − 1))S
−
k (4)
The Uk(φ) operator generates a translation of the Hamiltonian Hk−1,k(φ)
to Hk,k+1(φ) = U
†
k(φ)Hk−1,k(φ)Uk(φ) and the wave functions are related by
|Ψk,k+1(φ)〉 = U
†
k(φ)|Ψk−1,k(φ)〉. The transformation induces a shift in the
phase of the wave function which is given by the local order parameter defined
by the BP, γk,l = −i
∫ 2pi
0
dφ〈Ψk,l(φ)|∂φ|Ψk,l(φ)〉.
The corresponding Berry phases after and before the shift are then related
by the expression
γk,k+1 = γk−1,k +
∫
〈Ψk−1,k(φ)|(S − S
z
k)|Ψk−1,k(φ)〉dφ (5)
where γk−1,k is the BP corresponding to Hk−1,k and the second term on the
r.h.s. is obtained from the phase factor
∫
〈Ψk−1,k(φ)|Uk(φ)(dφ(U
†
k(φ))|Ψk−1,k(φ))〉dφ.
If the integral term Ik in eq.(5) is such that Ik = 2nπ, n = integer and
if the ground state is non-degenerate before the translation then the BP
is finite and the translational invariance of the system is realized. If the
twist operation preserves the non-degeneracy of the ground state it means
that there is a gap between this state and excited states. If Ik 6= 2nπ the
translational invariance is violated. The BP induces a discontinuity which
shows that the spectrum has no gap, hence it must show a gap closing.
In the following this test is applied to frustrated spin models in d = 2
and d = 3 dimensions in order to find out whether they can show or not a
gap between the ground state and excited states.
Application 1: the frustrated 2d system with an even and an odd number
of legs.
Consider the frustrated ladder system with n legs shown in fig.1 and the
sites located at [(j − 1, i); (j, i); (j + 1, i)] on the legs (i = 1, ..., n).
The corresponding Hamiltonian reads
H = H(l) +H(t) +H(d) (6)
4
Jl
Jt
Jd
1
2
3
n
j−1 j+1j
Figure 1: The 2d spin ladder with n legs. See the text.
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with
H(l) =
n∑
i=1
Jl(~Sj−1,i~Sj,i + ~Sj,i~Sj+1,i) (7)
H(t) =
n−1∑
i=1
Jt(~Sj−1,i~Sj−1,i+1 + ~Sj,i~Sj,i+1 + ~Sj+1,i~Sj+1,i+1) (8)
H(d) =
n−1∑
i=1
Jd(~Sj−1,i~Sj,i+1 + ~Sj−1,i+1~Sj,i + ~Sj,i~Sj+1,i+1 + ~Sj,i+1~Sj+1,i)) (9)
where Jl, Jt, Jd are coupling constants. Apply twists of angle φl and φd to the
terms corresponding to sites (j − 1, j) of H(l) and H(d). As done above shift
the twists from the (j − 1, j) to the (j, j + 1) sector by means of the unitary
translation operators Uj,i(φl) and Uj,i(φd), [i = 1, ..., n]. The wave functions
corresponding to the sites (j − 1, i; j, i) and (j, i; j + 1, i), (i = 1, ..., n) are
related by
|Ψj,j+1(φl, φd)〉 =
n∏
i=1
U †j,i(φl)
n−1∏
i=1
U †j,i(φd)|Ψj−1,j(φl, φd)〉 (10)
where
Uj,i(φl) = exp[i(S(j,i) − S
z
(j,i))φl] (11)
and a similar expression for Uj,i(φd). S(j,i) is the length of a spin.
One mentions that the action of a translation operator on H(t) leaves this
part of the Hamiltonian trivially invariant. Hence a twist cannot change the
BP corresponding to this part of the Hamiltonian when one moves from the
(j − 1, j) to the (j, j + 1) sector.
If one works out the Berry phase in the two sectors S(j,i) being half-
integers the relation between the phases gets
6
γ(n)(j, j + 1) = γ(n)(j − 1, j)− 2π[
n∑
i=1
S(j,i) + 2
n−1∑
i=1
S(j,i)] (12)
−
∫ ∑
k=l,d
∑
ik
〈Ψj−1,j(φl, φd)|S
z
(j,i)|Ψj−1,j(φl, φd)〉dφk
where the second and third term on the r.h.s. originate from the twist along
the legs and the diagonals, the integral term contains the sum of both con-
tributions and corresponds to the integral term in eq.(5).
If one works out the BP in the (j − 1, j) sector with S(j,i) = S this leads
to
γ(n)(j, j + 1) = γ(n)(j − 1, j)− 2π[n(S− < m >) + 2(n− 1)(S− < m >)](13)
where the first term in the bracket corresponds to the contribution of the leg
terms, the second to the contribution of the diagonal terms and < m > is
given by the integral term in Eq. (13). It is the magnetization per site for
fixed j, the average being taken over the js. In the following we consider the
case S = 1/2.
In a system with an even number n of legs < m > is an integer. ∆γ =
γ(n)(j − 1, j)− γ(n)((j, j + 1) = 2π(3n− 2)(S− < m >) is always a multiple
of 2π. In this case the translation conserves the gap.
In a system with an odd number of sites along the legs one must distin-
guish between two cases.
• < m > is a half-integer and ∆γ can be a multiple of 2π if the number
of legs n is odd.
• < m > is an integer and ∆γ = π mod(2π) if the number of legs n is
even.
Hence in the first case the spectrum may show a gap and no gap in the
second case.
Application 2: frustrated 3d systems.
The results obtained above can be extended to 3d systems in a straight-
forward way. We characterize the sites in the sectors (j−1, j; j, j+1) by the
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indices l and m where l stands for the legs in a given plane (l = 1, .., nl), and
m (m = 1, .., nh) for the planes. Define the Hamiltonian of the system with
a maximal number of diagonal interactions:
• H(l)(j − 1, l, m; j, l,m) and the same with (j, j + 1): interactions along
the legs in a plane (l) .
• H(t)(j − 1, l, m; j − 1, l
′
, m) and the same with (j) : interactions trans-
verse to the legs in a plane (l). They do not contribute to the BP.
• H(dl)(j − 1, l, m; j, l
′
, m) and the same with (j ↔ j − 1); (j, j + 1) and
(j ↔ j + 1): interactions diagonal to the legs in a plane (m).
• H(dt): diagonal interactions between the planes along the transverse
direction (t). They do not contribute to the BP.
• H(⊥): interactions between the planes, along edges perpendicular to
the planes. They do not contribute to the BP.
• H(d⊥): interactions ⊥ to the planes, along the legs.
• H(lt): interactions between the far vertices of a unit cubic cell.
The spin-spin interactions work between nearest neighbours and may be
characterized by different coupling strengths (Jl, Jt, Jdl, Jdt, J⊥, Jd⊥, Jlt).
One introduces twists on the different contributions of the total Hamilto-
nian Htot characterized by different angles φl, ..., φlt and induces translations
into the direction ((j, j − 1) → (j, j + 1)) by means of the unitary oper-
ators U(j,k,l)(φl), .... Following the same lines as in the former 2d case one
can evaluate the corresponding change of the BP from γ
(−)
3d to γ
(+)
3d when
(j, j − 1)→ (j, j + 1).
Taking account of all the phases accumulated through the different twists
leads to a phase difference ∆γ3d = γ
(−)
3d − γ
(+)
3d
∆γ3d = 2π(S− < m >)[nlnh + 2nl(nh − 1) + 2nh(nl − 1) (14)
+4(nl − 1)(nh − 1)]
where < m > is the magnetization per site as defined through Eq. (12). In
compact form
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∆γ3d = 2π(S− < m >)[9nlnh − 6(nl + nh) + 4] = 2π(S− < m >)C (15)
There are different cases to be considered when S = 1/2.
• If < m > is a half-integer ∆γ3d is a multiple of 2π.
• If < m > is an integer ∆γ3d is a multiple of 2π if C is even (one or
both nl and nh are even).
• If < m > is an integer ∆γ3d is a multiple of π if C is odd (both nl and
nh are odd).
• If < m > is neither integer nor half-integer ∆γ3d takes an arbitrary
value.
Concluding remarks.
The present work is an application of the Berry phase used as a topo-
logical test introduced by Y. Hatsugai [1]. The test is based on symmetry
considerations and gives a necessary condition for the existence or absence
of a gap in the spectrum of frustrated spin systems.
Once the spectrum of a system shows a gap before and after a local twist
on the Hamiltonian one can conclude that the system is gapped.
This fact is consistent with former investigations and conjectures, among
them those of refs.(2 - 12). It has been applied to 2d and 3d systems, but
can in principle be extended to higher dimensions and different numbers of
diagonal couplings.
Results are independent of the strengths of the coupling constants Jkl.
The theory fails to work if accidental level crossing points corresponding
to possible phase transitions are present.
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